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1. (a) f : R→ R defined by

f(x) =

{
1 if x = 0,

0 if x 6= 0.

−3. −2. −1. 1. 2.

−1.

1.

0

y = f(x)

(b) f : R→ R defined by

f(x) =


1 if x > 0,

0 if x = 0,

−1 if x < 0.

−3. −2. −1. 1. 2.

−1.

1.

0

y = f(x)

(c) f : R\{1} → R defined by f(x) =
x2 − 1

x− 1
.

−3. −2. −1. 1. 2.

−1.

1.

2.

3.

0

y = f(x)

(d) f : [−1, 1]→ [−π
2
,
π

2
] defined by f(x) = sin−1 x.
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−2. −1. 1. 2.

−2.

−1.

1.

2.

0

y = f(x) = sin−1 x

(e) f : [−1, 1]→ [0, π] defined by f(x) = cos−1 x.

−2. −1. 1. 2.

−1.

1.

2.

3.

0

y = f(x) = cos−1 x

(f) f : R→ (−π
2
,
π

2
) defined by f(x) = tan−1 x.

−5. −4. −3. −2. −1. 1. 2. 3. 4.

−2.

−1.

1.

0

y = f(x) = tan−1 x

2. Prove that 1× 2 + 2× 3 + 3× 4 + · · ·+ n× (n+ 1) =
n(n+ 1)(n+ 2)

3
for all natural numbers n.

Proof. Let P (n) be the statement that ”1×2+2×3+3×4+ · · ·+n× (n+1) =
n(n+ 1)(n+ 2)

3
”.

• When n = 1, L.H.S. = 1× 2 = 2 and R.H.S =
(1)(2)(3)

3
= 2. Therefore, P (1) is true.

• Suppose P (n) is true for some natural number n, i.e.

1× 2 + 2× 3 + 3× 4 + · · ·+ n× (n+ 1) =
n(n+ 1)(n+ 2)

3
.
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Then,

1× 2 + 2× 3 + 3× 4 + · · ·+ n× (n+ 1) + (n+ 1)× (n+ 2)

=
n(n+ 1)(n+ 2)

3
+ (n+ 1)× (n+ 2)

=
n(n+ 1)(n+ 2)

3
+

3(n+ 1)(n+ 2)

3

=
(n+ 1)(n+ 2)(n+ 3)

3

Therefore, P (n+ 1) is true.

By mathematical induction, P (n) is true for all natural numbers n.

3. Prove that 8n − 3n is divisible by 5 for all natural numbers n.

Proof. Let P (n) be the statement that ”8n − 3n is divisible by 5”.

• When n = 1, 81 − 31 = 5 which is divisible by 5. Therefore, P (1) is true.

• Suppose P (n) is true for some natural number n, i.e. 8n − 3n = 5M for some integer M .

Then,

8n+1 − 3n+1

= 8× 3n − 3× 3n

= 8× (8n − 3n) + 5× 3n

= 8× (5M) + 5× 3n

= 5× (8M + 3n)

where 8M + 3n is an integer. Therefore, 8n+1 − 3n+1 is divisible by 5 and P (n+ 1) is true.

By mathematical induction, P (n) is true for all natural numbers n.

4. A sequence {an} is defined by

a1 = 3 and an+1 =
√
an + 5 for n ≥ 1.

Show that an ≥ an+1 for all natural numbers n.

Proof. Let P (n) be the statement that ”an ≥ an+1”.

• When n = 1, a2 =
√
a1 + 5 =

√
8 ≤
√

9 = 3 = a1. Therefore, P (1) is true.

• Suppose P (n) is true for some natural number n, i.e. an ≥ an+1.

Then,

an ≥ an+1

an + 5 ≥ an+1 + 5
√
an + 5 ≥

√
an+1 + 5

an+1 ≥ an+2

Therefore, P (n+ 1) is true.
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By mathematical induction, P (n) is true for all natural numbers n.

5. A sequence {an} is defined by

a1 = 4 and an+1 =
6(a2n + 1)

a2n + 11
for n ≥ 1.

(a) Show that an > 3 for all natural numbers n.

Proof. Let P (n) be the statement that ”an > 3”.

• When n = 1, a1 = 4 > 3. Therefore, P (1) is true.

• Suppose P (n) is true for some natural number n, i.e. an > 3.

Then,

an+1 − 3 =
6(a2n + 1)

a2n + 11
− 3

=
3a2n − 27

a2n + 11

=
3(an − 3)(an + 3)

a2n + 11

> 0

Therefore, P (n+ 1) is true.

By mathematical induction, P (n) is true for all natural numbers n.

(b) Show that an ≥ an+1 for all natural numbers n.

Proof. Let P (n) be the statement that ”an ≥ an+1”.

• When n = 1, a2 =
6(a21 + 1)

a21 + 11
=

6(42 + 1)

42 + 11
=

34

9
< 4 = a1. Therefore, P (1) is true.

• Suppose P (n) is true for some natural number n, i.e. an ≥ an+1.

Then,

an+1 − an =
6(a2n + 1)

a2n + 11
− an

=
−a3n + 6a2n − 11an + 6

a2n + 11

=
−(an − 1)(an − 2)(an − 3)

a2n + 11

< 0 (∵ an > 3)

Therefore, P (n+ 1) is true.

By mathematical induction, P (n) is true for all natural numbers n.
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6.

cos 20◦ · cos 40◦ · cos 80◦ =
1

2
(cos 60◦ + cos 20◦) cos 80◦

=
1

2
(
1

2
cos 80◦ + cos 20◦ cos 80◦)

=
1

2

(1

2
cos 80◦ +

1

2
(cos 100◦ + cos 60◦)

)
=

1

2

(1

2
cos 80◦ +

1

2
cos 100◦ +

1

4

)
=

1

8

7.

sin(A+B) = 3 sin(A−B)

sinA cosB + cosA sinB = 3(sinA cosB − cosA sinB)

2 sinA cosB = 4 cosA sinB

tanA = 2 tanB

8.

cos(A+B) + cos(A−B)

sin(A−B)− sin(A+B)
=

2 cosA cosB

2 cosA sin(−B)

= − cotB

9. (a)

sin 5A

sinA
− cos 5A

cosA
=

sin 5A cosA− sinA cos 5A

sinA cosA

=
sin(5A−A)

1
2 sin 2A

= 2
sin 4A

sin 2A

= 2
2 sin 2A cos 2A

sin 2A
= 4 cos 2A

(b) Note that 0◦ < A < 180◦, so 0◦ < 2A < 360◦.

sin 5A

sinA
− cos 5A

cosA
= 2

4 cos 2A = 2

cos 2A =
1

2
2A = 60◦ or 300◦

A = 30◦ or 150◦
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10. (a)

sin 3A = sin(2A+A)

= sin 2A cosA+ cos 2A sinA

= 2 sinA cos2A+ cos 2A sinA

= 2 sinA(1− sin2A) + (1− 2 sin2A) sinA

= 3 sinA− 4 sin3A

(b)

cos 3A = cos(2A+A)

= cos 2A cosA− sin 2A sinA

= (2 cos2A− 1) cosA− 2 cosA sin2A

= (2 cos2A− 1) cosA− 2 cosA(1− cos2A)

= 4 cos2A− 3 cosA

(c)

tan 3A = tan(2A+A)

=
tan 2A+ tanA

1− tan 2A tanA

=
( 2 tanA
1−tan2 A ) + tanA

1− ( 2 tanA
1−tan2 A ) tanA

=
( 3 tanA−tan3 A

1−tan2 A )

( 1−3 tan2 A
1−tan2 A )

=
3 tanA− tan3A

1− 3 tan2A

11. Note C = 180◦ −A−B, prove that

(a)

sin 2A+ sin 2B + sin 2C = sin 2A+ sin 2B + sin(360◦ − 2A− 2B)

= sin 2A+ sin 2B − sin(2A+ 2B)

= sin 2A+ sin 2B − sin 2A cos 2B − cos 2A sin 2B

= sin 2A(1− cos 2B) + sin 2B(1− cos 2A)

= 2 sinA cosA(2 sin2B) + 2 sinB cosB(2 sin2A)

= 4 sinA sinB(cosA sinB + cosB sinA)

= 4 sinA sinB sin(A+B)

= 4 sinA sinB sin(180◦ −A−B)

= 4 sinA sinB sinC
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(b)

tanA+ tanB + tanC = tanA+ tanB + tan(180◦ −A−B)

= tanA+ tanB − tan(A+B)

= tanA+ tanB − tanA+ tanB

1− tanA tanB

=
− tan2A tanB − tanA tan2B

1− tanA tanB

= tanA tanB
−(tanA+ tanB)

1− tanA tanB
= tanA tanB(− tan(A+B))

= tanA tanB tan(180◦ −A−B)

= tanA tanB tanC

(c)

cotA cotB + cotB cotC + cotC cotA =
1

tanA tanB
+

1

tanB tanC
+

1

tanC tanA

=
tanA+ tanB + tanC

tanA tanB tanC
= 1 (by (b))
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